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I. INTRODUCTION
Quantum dots(QDs) are considered to be promising as the elementary basis for the new generation of semiconductor devices [1, 2] . The unique opportunity to perform the energy level control and flexible manipulation in QDs is due to the full quantization of charge carrier energy spectra in these systems. This allows design and manufacturing of artificial structures with prescribed quantum physical characteristics [3] . That is why the scope of QDs potential applications is very wide, from heterostructure lasers to nanomedicine and nanobiology. An impressive example of such application is represented by QD lasers possessing low threshold current and high efficiency [3] .
The peculiarities of physical processes in QDs are caused by both their composition and geometry. Electronic, kinetic, optical and other properties of QDs have been investigated experimentally and theoretically in many papers [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . Particularly, the optical absorption characteristics of QDs have been shown to be strongly correlated with their geometry, on one hand, and with their physical-chemical properties, on the other hand. In one of the first publications on optical transitions in QD [14] the interband absorption of light was considered in the ensemble of weakly interacting spherical QDs implanted in a dielectric matrix. The dispersion of QD sizes was characterized in the framework of Lifshitz-Slezov theory [15] . It was shown that in the absence of size dispersion, due to the full quantization of charge carriers energy spectra in QD, the absorption coefficient behaves like a delta function, and the absorption threshold frequencies depend on the peculiarities of electron and hole energy spectra. When the QD size dispersion is taken into account, the averaging procedure yields the absorption profile having finite width and height.
Recently several reports concerning the experimental implementation of narrow-band InSb QDs have appeared [16, 17] , in which the dispersion law for electrons and light holes is non-parabolic and described according to the double-band mirror Kane model [18, 19] .
For non-interacting band of heavy holes the dispersion law is considered as quadratic. The investigation of optical absorption peculiarities in InSb QDs with the transitions from light and heavy hole bands to the conduction band taken into account is an interesting problem.
Interband transitions in an ensemble of cylindrical or spherical InSb QDs were considered theoretically in the dipole approximation with and without magnetic field, including exciton effects, by means of the perturbation theory and the adiabatic methods [20] [21] [22] . In our ear-lier work we elaborated the calculation schemes, symbolic-numerical algorithms (SNAs) and programs, based on the generalized Kantorovich method (KM) for numerical solving with required accuracy the boundary-value problems (BVPs) of discrete and continuous spectra describing the axial-symmetric models of quantum wells(QWs), quantum wires(QWrs) and quantum dots(QDs) in external fields within the framework of the effective mass approximation [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] . Meanwhile, for the analysis and estimations of the appropriate range of material parameters, spectral and optical characteristic of quantum dots at the first stage of investigation, conventionally, approximate eigenvalues and eigenfunctions evaluated in the analytical form were applied [6-8, 14, 22] . However, it is a real challenge to specify the range of applicability of such approximations in the problems, depending on a few parameters [2] , e.g., for impurity states of quantum wires in a homogeneous magnetic field [25] .
With this aim in the present paper we report the formulation and MAPLE-environment implementation of algebraic schemes of the perturbation theory (PT) of the Lennard-Jones (LJ) and Rayleigh-Schrödinger (RS) [36] , permissive in the nondiagonal and diagonal adiabatic approximations, respectively, to evaluate in numerical and in analytic forms the eigenvalues and eigenfunctions of models of spheroidal QDs in homogeneous magnetic and electric fields. To construct the required perturbation schemes, we choose such models of spheroidal QDs, in which the basis functions depending upon fast variables can be expressed in the analytic form. The region of the model parameters, for which the PT asymptotic series are applied, is estimated using the results of numerical calculations carried out with required accuracy. The efficiency of the schemes is demonstrated by the analysis of spectral characteristics of oblate and prolate spheroidal QDs and also spherical QDs with corresponding shape of confinement well with walls of infinite height under the influence of homogeneous electric fields (HEFs). We apply the developed approach to the analysis of spectral characteristics of oblate and prolate spheroidal QDs with parabolic and non-parabolic dispersion laws under the influence of HEFs, i.e., the quantum-confined Stark effect.
The paper is organized as follows. In Section 2 the calculation scheme for solving elliptic BVP describing spheroidal QDs in homogeneous electric fields using the Kantorovich method is presented. Section 3 is devoted to the description of the PT schemes by slow variables in nondiagonal adiabatic approximation and the comparison of the results with those of numerical calculation with given accuracy. In section 4 the explicit PT scheme for evaluation of the basis functions of the fast variable for oblate spheroidal QDs in a homogeneous electric field is derived. Section 5 is devoted to the description of PT schemes by slow variables in the diagonal adiabatic approximation for spheroidal QDs in electric fields. The results evaluated here in the analytic form are compared with numerical ones to establish the range of their applicability. In Section 6 the absorption coefficient for an ensemble of spheroidal QDs with random dimensions of minor semiaxis and with parabolic and non-parabolic dispersion laws for holes and electrons under the influence of HEFs is found using the calculated eigenvalues and eigenfunctions. In conclusion we summarize the results and discuss further applications.
II. STATEMENT OF THE PROBLEM
Let us consider an impurity localized in the center of a quantum dot and take the electronhole interaction into account. Then in the effective mass approximation of the k · p-theory the Schrödinger equation for the slow-varying envelope wave functionΨ(r e ,r h ) of an electron (e) and a hole (h) in a uniform magnetic field H with the vector-potential A = H ×r and electric field F in oblate and prolate QDs reads as [8] :
Herer i is the radius-vector, |r i | = x i 2 +ỹ i 2 +z i 2 ,p i = −ı ∇r i is the momentum,Ẽ is the energy of the particles, q e = −e, q h = +e, and q c are the Coulomb charges of the electron, the hole, and the impurity center, κ is the dc permittivity, µ i = β e(h) m 0 is the effective mass of electron or hole, m 0 is the mass of electron. For the model under consideration,Ũ (r) is the potential of a spherical or axially-symmetric well
bounded by the surface S(r i ) = 0 with walls of infinite height (infinite potential barrier model, IPBM) or finite height 1 Ũ 0 < ∞ (finite potential barrier model, FPBM). In Eq.
(2) S(r i ) depends on the parametersã,c, which are semiaxes of a spheroidal QD,
Below we restrict ourselves to IPBMs of spheroidal quantum dots with possible influence of the uniform electric field F = (0, 0, F ), the magnetic field being switched off, H = 0, and the Coulomb interaction of the electron and the hole with the impurity center being absent, q c = 0. In this case the wave functionΨ(r e ,r h ) =Ψ e (r e )Ψ h (r h ) is factorized. So, we arrive at the 3D BVPs for unknownsΨ e (r e ) andẼ e orΨ h (r h ) andẼ h . The eigenvalues and eigenfunctions needed to evaluate the absorption coefficients (ACs) were calculated with prescribed accuracy by means of the program packages ODPEVP and KANTBP [28] [29] [30] .
The models with nonzero values of these parameters were announced in [8, 25] . Throughout the paper we make use of the reduced atomic units [2, 5] :
2 ) is the reduced Rydberg unit of energy, and the following dimensionless quantities are introduced:
A. The BVP for SQDs in the effective mass approximation
In cylindrical coordinates z, ρ, ϕ the solution of Eq. (1), periodical with respect to the azimuthal angle ϕ, is sought in the form of a product Ψ(ρ,
where m = 0, ±1, ±2, ... is the magnetic quantum number. The 3D BVP for SQDs at fixed values of m is reduced to 2D BVP with respect to fast x f and slow x s variables: oblate x f = z (minor axis), x s = ρ (major axis) and prolate x f = ρ (minor axis), x s = z (major axis) [27] :
HereĤ s (x s ) is the operator of slow subsystem
andĤ f (x f ; x s ) is the operator of fast subsystem
For OSQD g 1s ( 
.. are subject to the normalization and orthogonality conditions
Note, that at γ F = 0 the solutions are separated by the z-parity σ = ±1 into two invariant subspaces Ψ mσ t corresponding to the eigenvalues E
.. , while at γ F = 0 the z-parity is broken.
B. Kantorovich or adiabatic reduction of the BVP
The solution Ψ t (x f , x s ) ≡ Ψ m t (x f , x s ) of the above problem at fixed m is sought in the form of Kantorovich expansion
The set of appropriate trial functions is chosen as the set of eigenfunctions B j (x f ; x s ) corresponding to the eigenvaluesÊ j (x s ) of the HamiltonianĤ f (x f ; x s ), Eq. (6), depending parametrically on x s ∈ Ω(x s ):
The eigenfunctions B j (x f ; x s ) corresponding to the eigenvaluesÊ j (x s ) =Ê 1 (x s ) <Ê 2 (x s ), ...
are subject to the normalization and orthogonality conditions with the weighting function
The BVP for a set of ODEs of the slow subsystem with respect to the unknown vector functions χ t (x s ) = (χ 1;t (x s ), ..., χ jmax;t (x s )) T corresponding to the unknown eigenvalues 2E t ≡ E t ,
satisfy the orthogonality and normalization conditions
Here the effective potentials H ij (x s ) and Q ij (x s ) are defined by the formula
Here the basis functions of the fast subsystem and the matrix elements are calculated analytically. For oblate spheroidal QDs (x f = z, x s = ρ)
where α nρp+1,|m| =J nρp+1 |m| are positive zeros of the Bessel function of the first kind [37] .
For the interesting lower part of the spectrum E t : E 1 < E 2 < ..., the number j max of the equations solved should be at least not less than the number of the energy levels of the problem (9) at a = c = r 0 . To ensure the prescribed accuracy of calculation of the lower part of the spectrum discussed below with eight significant digits we used j max = 16 basis functions in the expansion (8) and the discrete approximation of the desired solution by Lagrange finite elements of the fourth order with respect to the grid pitch Ω p hs (x s ) = [x s;min ; x s;k = x s;k−1 + h s ; x s;max ]. The details of the corresponding computational scheme are given in [24] .
The convergence of eigenenergies E t vs number j max of basis functions for oblate and prolate spheroidal QDs, and for spherical QD is shown on Tables I and II Tables I and II show that the expansions in basis functions (12) and (13) in cylindrical coordinates have better rate of convergence in the adiabatic Fast and slow variables x f = z and x s = ρ (oblate SQD and spherical QD), number of nodes i = (n zo = n o − 1, n ρo ), * notes diagonal approximation at j = 2 j max a = 2.5, c = 0.5 a = 2.5, c = 2.5
(n zo , n ρo ) (0,0) (0 Fast and slow variables x f = ρ and x s = z (prolate SQD and spherical QD), number of nodes i = (n ρp , n zp ), * notes diagonal approximation at j = 2 (with H jj (x s )) (1) gives an upper estimate, such that at the ratio of minor to major semiaxis equal to 1/5 the bracket is approximated with the accuracy of ∼ 0.1%.
Below we present the analysis of the spectrum under the variation of parameters, which opens the questions about the additional symmetry of the problem, connected with the existence of exact and approximate integrals of motion [27, 38] . In Fig. 1 we show the eigenenergies of the lower part of the spectrum E t , t = 1, ..., 40 at m = 0 for OSQD (c = 0.5, 1, 1.5, 2, a = 2.5), SQD (c = 2.5, a = 2.5) and PSQD (c = 2.5, a = 0.5, 1, 1.5, 2) as functions of the dimensionless strength γ F of the electric field. In spite of the fact that at γ F = 0 the eigenfunctions of SQD, OSQD and PSQD have definite z-parity, and, therefore, exhibit additional integrals of motion and separation of variables in spherical and spheroidal coordinates systems, the spectrum of eigenvalues at fixed m is simple, i.e., nondegenerate, similar to the case γ F = 0, when the eigenfunctions have no definite z-parity.
At γ F = 0 a one-to-one correspondence rule n ρp + 1 = n p = i = n = n r + 1, i = 1, 2, ... One can see that when the parameter γ F increases the eigenvalues E t decrease faster for SQD, slower for PSQD and even more slower for OSQD, because the influence of the electric field for OSQD at c = 0.5 is essentially weaker than for PSQD at c = 2. For OSQD, on the contrary, the number of energy levels per unit energy for the eigenfunctions having the same number n ρo of ρ-nodes is smaller (i.e., the separation between the adjacent levels is larger) than that for the eigenfunctions having the same number n zo of z-nodes. Therefore, in Fig. 1 one can see four crossing series of almost 'parallel' curves with different number n zo = 0, 1, 2, 3 of z-nodes.
For OSQD and PSQD the crossings of the energy levels that occur with increasing γ F are similar to the exact crossings of the energy levels with decreasing c semiaxis in OSQD and PSQD without electric field (γ F = 0), i.e., we observe the accidental degeneracy, which is known to be generally associated with the existence of an additional integral of motion [27] and with the separability of variables in oblate and prolate spheroidal coordinate systems.
Thus, from our observations it follows that an additional approximate integral of motion should exist.
For SQD eigenfunction with different numbers of ρ-and z-nodes, n ρ and n z , and with increasing γ F the series of crossings become mixed. Note, that the eigenenergies of the states with the same z-parity at γ F = 0 are repulsed with increasing γ F (e.g., [t = 9, n = 1, l = 5, with increasing γ F the series of exact crossings appear.
III. THE PTLJ IN NONDIAGONAL ADIABATIC APPROXIMATION
We expand the potentials (12) and (13) of the BVP (9) and (10) in Taylor series in the vicinity of x s = 0:
U ij;0 and the parameter τ equals τ = a for OSQD, and τ = c for PSQD.
Substitution of expansions (14) into Eq. (9) leads to the BVP for a set of ODEs of slow subsystem with respect to the unknown vector functions χ t (x s ) = (χ 1;t (x s ), ..., χ jmax;t (x s )) T corresponding to the unknown eigenvalues 2E t ≡ E t :
We choose the unperturbed operator to have the eigenvalues and basis functions of 2D and 1D oscillators. For the OSQD (2D oscillator) with respect to the scaled slow variable x we have:
Therefore, the action of the operators L(n) and x on the function Φ (0)
x dΦ
For PSQD (1D oscillator) with respect to the scaled slow variable x x s = x/ 4 E f , where
e., the adiabatic frequency, at given i = n p , we have
Correspondingly action of operators L(n), x and
The eigenfunctions (15) 
Below we demonstrate that such expansions are appropriate for getting approximate solutions in the lower part of the BVP spectrum (9) and (10) . Substitution of the expansion (20) into (15) yields the set of equations
where κ = 2 andV s (x s ) = 0 for OSQD; κ = 1 andV s (x) = γ F x for PSQD. Applying the relations (17) or (19) to get first derivatives of the basis functions, we get the expressions for the action of operatorsÂ ij :
and, hence, the algebraic eigenvalue problem with respect to the unknown E t and b j,q;t qmax q=0
In the matrix form it reads as
where B t = (b 1,0;t , b 1,1;t , ..., b 1,qmax;t , b 2,0;t , ..., b jmax,qmax;t ) T is a vector with dimension of j max (q max + 1), and A is a positive defined symmetric matrix having the dimensions
Note, that the approximation with nonzero elements on the diagonal of the matrix A =
q ,q=0 δ i=i 0 ,j=i 0 , obtained by the action of the diagonal operatorÂ ii , Eq. (21), on the basis function Φ Tables III and IV for OSDD, PSQD, and SQD at γ F = 0 and in Table V at γ F = −10 for PSQD and SQD. Table IV (14) for j max = 4 and q max = 60 basis functions at γ F = 0. Fast and slow variables x f = z and x s = ρ (oblate SQD and spherical QD), number of nodes i = (n zo = n o − 1, n ρo ). (14) for j max = 4 and q max = 60 basis functions at γ F = 0. Fast and slow variables x f = ρ and x s = z (prolate SQD and spherical QD), number of nodes i = (n ρp , n zp ). (14) for j max = 4 and q max = 60 basis functions at γ F = −10. Fast and slow variables x f = ρ and x s = z (prolate SQD and spherical QD), number of nodes i = (n ρp , n zp ). 
IV. PTRS FOR BVP FOR OSQD IN ELECTRIC FIELD BY FAST VARIABLES
To have an analytic representation of the matrix elements (11) for small γ F , one can usě
s ) = 0 as potentials for OSQD instead of the potentials (12) introduced in Section 2.1. Then we arrive at the Sturm-Lioville problem for the OSQD in fast variable expressed in the form
where = γ F is the electric field strength considered here as a formal parameter of the PT,
The solutions B 
where
We seek for the eigenfunctions B j (z; ρ) and the eigenvalues E j (ρ) in the form of power expansions
Substituting Eq. (26) into Eqs. (24) and equating the coefficients at the same powers of , we arrive at the system of inhomogeneous differential equations with respect to corrections
In each k-th order of the perturbation theory (PT) the solutions becoming zero at the boundary points (z = ±L(ρ)/2 are sought in the form
Substituting Eq. (28) into the corresponding equation (27) ν , for even j:
For odd j the same unknowns are calculated using the equations (29) (29) with the replacement C for odd j are determined from the respective conditions:
for odd j is calculated from the equation (29) with the replacement C (p)
This algorithm was implemented using the Maple environment. The run was performed until the maximal order of the PT k max = 8. Below we present the first few coefficients of the eigenvalue expansion, truncated by the terms proportional to
the eigenfunctions truncated by the terms proportional to
, j = 1, 3, ...
  
, and the diagonal effective potentials, truncated by the terms proportional to
V. THE PTRS IN THE DIAGONAL ADIABATIC APPROXIMATION
The desired solutions ofthe original 2D BVP (4) are determined by the diagonal approximation of the Kantorovich expansion(7) at fixed m
The diagonal approximation of the BVP (9) and (10) in the slow variable has the form 
Here for PSQD; E i;n are the eigenenergies of a lower part of thespectrum E i;0 < E i;1 < ... < E i;n enumerated in the ascending order by the number of nodes n = 0, 1, 2, ... of the eigenfunctions χ i;n (x s ) at fixed adiabatic quantum numbers i = n o for OSQD and i = n p for PSQD. The potential function V i (x s ) is expanded in powers of the small parameter ε 
where τ 2k+1 is determined from the condition that the coefficient atx s is zero:
In Fig 3 we show three potential functions V i (x s ) for oblate x s = ρ and prolate x s = z spheroids and the convergence of the corresponding power expansions till the sixth order with account of adiabatic frequencies ω i and lower bound shifts V (16)- (19) with the eigenvalues and the basis functions of 2D-and 1D-oscillators given in Section 3 with respect to the scaled coordinate x, x s = 2x/ω i andx s = x/ √ ω i , where the adiabatic frequencies ω i are defined by Eqs. (35) and (36) (at fixed i = n + 1),
respectively. According to (34), we seek for the eigenfunctions χ i;n (x s ) and the eigenvalues E i;n in the form of expansions in powers of ε with unknowns Φ (k)
n and E (k) n , omitting the notation m for brevity:
Substituting the expansions (34), (37) and (38) into Eq. (32) and equating the terms with the same power of the parameter ε, we arrive at the recurrence set of inhomogeneous equations of the PT with respect to the unknowns E (k)
with the initial conditions (16) and (18) for OSQD and PSQD, respectively. The solution of this problem is implemented in four steps.
Applying the relations (17) and (19), we expand the right-hand side f 
Then a recurrent set of linear algebraic equations for unknown coefficients b
where s = s for OSQD and s = 2s for PSQD. These equations are solved sequentially for k = 1, 2, . . . , k max :
The initial conditions for this procedure are
To obtain the normalized wave function Φ j (x) up to the k-th order, the coefficients b
are determined by the following relation:
The above scheme implemented in Maple was applied to the evaluations of solutions in the analytical form up to the order k max = 6 of the PTRS. The first four nonzero coefficients for the energy (38) in the analytic form, truncated by the terms proportional to the sixth power of the electric field strength, γ 6 F , in the crude adiabatic approximation (CAA) take the form: 1) For OSQD in terms of minor c and major a semiaxes; the set of adiabatic quantum
no;nρo = (2n ρo + |m| + 1) 3c 2πa 3 In Tables VI and VII i;n in the zero order k = 0 of the PT is small, but increases with growing n ρo and n zp for OSQD and PSQD, respectively. The shifts V (0) i give the main contribution and provide the lower adiabatic estimate of each set of eigenvalues, generated by the perturbed harmonic oscillator terms with adiabatic frequency ω i . From Tables VI and VII one can see that with increasing quantum numbers n zo (or n ρp ), related to the fast variable, the accuracy of approximation of the lower part of the spectrum is increasing. This is because the accuracy of the Taylor approximations of potential function (34) in Eq. (32) is improved with increasing the number i = n zo + 1 > 2 (or i = n ρp + 1 > 2), which is demonstrated in Fig. 3 . k max n zo = 0,n ρo = 0 n zo = 0,n ρo = 1 n zo = 0,n ρo = 2 n zo = 0,n ρo = 3 n zo = 0,n ρo = 4 k max n zo = 2,n ρo = 0 n zo = 2,n ρo = 1 n zo = 2,n ρo = 2 n zo = 2,n ρo = 3 n zo = 2,n ρo = 4 for PSQD) and with greater number of nodes across the electric field (i.e., with greater n ρo for OSQD and n ρp for PSQD), provide better approximation of the eigenvalues, calculated numerically with required accuracy (dotted lines). This property follows from the fact that such functions have better localization in the vicinity of the plane, passing through the QD center transverse to the electric field, i.e., in the region with minimal contribution of the electric field potential to the Hamiltonian of the system. As shown in the right panels of
Figs. 4 and 5, the differences between the egienvalues, calculated using the PT and the numerical method, increase faster in a smaller interval of γ F for larger PSQD than for smaller OSQD, the size being measured along the direction of the electric field. k max n ρp = 0,n zp = 0 n ρp = 0,n zp = 2 n ρp = 0,n zp = 4 n ρp = 0,n zp = 6 n ρp = 0,n zp = 8 k max n ρp = 1,n zp = 0 n ρp = 1,n zp = 2 n ρp = 1,n zp = 4 n ρp = 1,n zp = 6 n ρp = 1,n zp = 8 The range of the parameter values, for which the PT algorithms are valid, was estimated by means of numerical calculations using the KANTBP program [30] , as well as the condition that the mean value of the slow variable is smaller than the size of the major axis of OSQD or PSQD, i.e., ρ ≤ a or z ≤ c, or known estimates of the distribution of nodes of Laguerre or Hermite polynomials [37] . To calculate also the approximate eigenfunctions of the lower part of the spectrum n = 0, ..., n max with required numbers n of nodes in the interval ρ ∈ (0, a) (or z ∈ (−c, c)) for OSQD (or PSQD), one should choose such value of parameter 
VI. ABSORPTION COEFFICIENT FOR AN ENSEMBLE OF QDS
One can use the differences in the energy spectra to verify the considered models of QDs by calculating the absorption coefficient K(ω ph ,ã,c, ) of an ensemble of identical semiconductor
QDs [14] . Since we do not discuss exciton effects in the present paper, the absorption coefficient may be approximately expressed as 
where the parameter u will be defined below, λ 1 = ( ω ph −Ẽ g )/Ẽ g is the energy of the optical interband transitions scaled toẼ g , 2E g =Ẽ g /Ẽ e R is the dimensionless band gap width. For GaAs the functions f h→e ν,ν (u) describing the (h → e) interband transitions have the form
where µ e = 0.067m 0 and µ h ≡ µ hh = 0.558m 0 are the masses of electron and hole, respectively,Ẽ g = 1430 meV is the band gap width and κ = 13.18 is the dc permittivity and For InSb the dispersion law for heavy holes (hh) is parabolic while for electrons (e) and light holes (lh) it is non-parabolic and may be described by the Kane model [18, 19, 22] at
The energy values in our notation are:
As follows from Eqs. (49) and (50) 
and f hh→e ν,ν (u) describing the (hh → e) and the (lh → e) interband transitions have the forms
where µ e = µ lh = 0.15m 0 and µ h ≡ µ hh = 0.5m 0 are the masses of electron, light and heavy holes, respectively,Ẽ g = 180 meV is the band gap width, κ = 16 is the dc permittivity,
and E 
Now consider an ensemble of OSQDs (or PSQDs), differing in the minor semiaxis values c = u oc (or a = u pā ), determined by the random parameter u = u o (or u = u p ). The corresponding minor semiaxis mean value isc at fixed major semiaxis a (orā at fixed major semiaxis c), and the appropriate distribution function is P (u o ) (or P (u p )). Commonly, in this case the normalized Lifshits-Slezov distribution function [15] is used: 
Substituting (47) into (54) and taking into account the known properties of the δ-function, we arrive at the analytical expression for the absorption coefficientK(ω ph ,ã,c) of a system of semiconductor QDs with a distribution of random minor semiaxes:
g is the normalization factor, u s are the roots of the equation f ν,ν (u s ) = 0. At γ F = 0 for IPBM we have the interband overlapĨ ν,ν = δ nρo,n ρo δ nzo,n zo δ m,−m for OSQD, orĨ ν,ν = (J 1+|m| (α nρp+1,|m| )/J 1−|m| (α nρp+1,|m| )) 2 δ nzp,n zp δ nρp,n ρp δ m,−m for PSQD, where α nρp+1,|m| is the positive root of the Bessel function, and the selection rules m = −m , n zo = n zo , n ρo = n ρo , or n ρp = n ρp , n zp = n zp [27] , while at γ F = 0 one should calculate the interband overlap (53) in accordance with the selection rules m = −m , n ρo = n ρo , or n ρp = n ρp , respectively. Note,that in the adiabatic limit and at small γ F the contributions of non-diagonal matrix elements to the energy values are about 1% for IPBM of OSQD and PSQD; then in the Born-Oppenheimer approximation of the order b max for the AC we get
The coefficients of the expansion (56) for parabolic dispersion law for small γ F = 0 were constructed using the expansions (44) and (45) and at γ F = 0 they are given in [27] . In general case for the calculation f ν,ν (u) by formula (48), (51), or (52) we used the eigenvalues In the regime of strong dimensional quantization the frequencies of the interband transitions (h → e) in GaAS between the levels n o = 1, n ρo = 0, m = 0 for OSQD or n p = 1, n zp = 0, m = 0 for PSQD at the fixed valuesã = 2.5a e andc = 0.5a e for OSQD orã = 0.5a e andc = 2.5a e for PSQD, are equal to ∆ω to the IR spectral region [7, 8] , taking the band gap value (2π ) −1Ẽ g = 346 THz into account. In Fig. 7 one can see the quantum-confined Stark effect that consist in the reduction of the absorption energy (light frequency) at the expense of lowering the energy of both (e) and (h) bound states due to the electric field effect. The total ACs at F = 0, shown by solid lines, qualitatively correspond to the total AC at F = 0, shown by dashed lines, but have lower magnitudes and smooth behavior, in spite of the additional contribution to the partial ACs of the overlap integral (53) from the interband transition n zo = n zo or n zp = n zp in OSQD or PSQD, also shown in Fig. 7 .
At the same parameters of the QDs the frequencies of the interband transitions (lh → e) in InSb are equal to ∆ω ph 100 /(2π) = 68.5THz for OSQD or ∆ω ph 100 /(2π) = 87.2THz for PSQD, while the frequencies of the interband transitions (hh → e) in InSb are equal to ∆ω ph 100 /(2π) = 78.6THz for OSQD or ∆ω ph 100 /(2π) = 102THz for PSQD. These values correspond to the infrared spectral region with longer wavelength, similar to [22] , with the band gap value (2π ) −1Ẽ g = 44THz taken into account. One can see that the behavior of total ACs for parabolic dispersion law for IPBM of InSb, shown in Fig. 8 , is similar to that for GaAs (Fig. 6 ), while the behavior of AC for nonparabolic dispersion law, shown in Fig. 9 , is essentially different. In particular, for OSQDs it grows faster with increasing λ 1 , while for PSQDs it goes to a plateau before starting to grow. Indeed, with increasing quantum numbers n ρo or n zp that characterize the excitation of slow motion, the maxima of partial ACs decrease for parabolic dispersion law, while for the nonparabolic one the maxima of partial ACs increase.
With decreasing semiaxis the threshold energy increases, because the "effective" band gap width increases, which is a consequence of the dimensional quantization enhancement. Therefore, the above frequency is greater for PSQD than for OSQD, because the SQ implemented in two direction of the plane (x,y) is effectively larger than that in the direction of the z axis solely at similar values of semiaxes. Higher-accuracy calculations reveal an essential difference in the frequency behavior of the AC for interband transitions in systems of semiconductor OSQDs or PSQDs having a distribution of minor semiaxes, which can be used to verify the above models.
VII. CONCLUSION
The 3-D BVP for spheroidal quantum dots with respect to fast and slow variables of cylindrical coordinates was reduced by Kantorovich or adiabatic method to BVP for set of second-order differential equations (ODE) with effective potentials given in the analytic form with respect to the slow variable, using the basis function of fast variables, that depended on the slow variable as a parameter. Separation of variables of 3D BVP in spheroidal coordinates provides exact classification of energy eigenvalues by means of nodes of eigenfunctions which transforms exactly to an adiabatic classification of eigensolutions of a diagonal approximation of ODE at small parameter, i.e. ratio of minor and major semiaxes of oblate or prolate spheroid. The effective potential of a crude diagonal adiabatic approximation (CDAA) of the ODE has been approximated by power expansions by slow variable. Energy eigenvalues and eigenfunctions of the BVP for CDAA were sought in expansions over eigenfunctions of 2D or 1D oscillator with adiabatic frequencies and power of small parameter by the PT. Required coefficients of these expansion were calculated in analytical form as polynomials of the sets of adiabatic quantum numbers.
To specify the region of the model parameters, in which the PT asymptotic series are valid, we we compared the PT results with those of numerical calculations carried out with required accuracy. The PT eigensolutions were used in analytic evaluation of the photoabsorption coefficient for ensembles of oblate and prolate spheroidal QDs with given random distribution of small semiaxes without and with small values of external electric fields. In general case for calculation f ν,ν (u) by formula (48), (51), or (52) we used eigenvalues calculated numerically with given accuracy and we evaluated the coefficients of expansion like (56) by the method of least squares and by the polynomial interpolation in the case of parabolic and nonparabolic dispersion laws, respectively. Note, in the case of numerical calculations of the photoabsorption coefficient the required derivatives of eigenenergies and eigenfunctions with respect to a parameter, e.g., the small semiaxis, can be calculated also with the help of the numerical algorithms [29, 35] .
The elaborated methods, symbolic-numerical algorithms (SNAs) and programs [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] can be applied for solving the BVPs of discrete and continuous spectra of the Schrödinger-type equations and the analysis of spectral and optical characteristics of QWs, QWr's and QD's in external fields, as well as the spectra of models of deformed nuclei [41] .
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